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Homogeneity

Definition of Homogeneity

A function F' : R} — R is said to be homogeneous of degree k if, for all A > 0 and all x = (21, ...,2,) € RY,
it satisfies
F(Azy,..., x,) = NP F(xy,...,2,)

When k = 0, the function is said to be homogeneous of degree zero.

Examples
1. Homogeneity of degree 1 (linear). Let
F(x,y) =3z + 5y
Then, for any A > 0,
F(z,\y) = 3(\z) +50\y) = A (3z + 5y) = A\ F(x,y)
Therefore, F' is homogeneous of degree k = 1.
2. Homogeneity of degree 0 (price ratio). Let
x
G(z,y) = ;

For A > 0,

G, Ay) = i—z — 2= XG(a)

Thus, G is homogeneous of degree k = 0.

Properties of Homogeneous Functions

1. Scaling: If F' is homogeneous of degree k, then for all A\, u > 0
F(ux) = ()" F(x) = A" F(ux)
2. Linear combination: If F' and G are homogeneous of degree k, and a,b € R, then
H(x)=aF(x)+bG(x)
is homogeneous of degree k
3. Product: If F' is homogeneous of degree k and G of degree m, then
(F-G)(x) = F(x) G(x)
is homogeneous of degree k + m

4. Quotient: If G(x) # 0 and F, G are homogeneous of degree k and m respectively, then
F (%) F(x)
) (x) = Y
G G(x)

5. Derivatives: If F' is homogeneous of degree k, then all its partial derivatives of order m are homoge-
neous of degree k —m

is homogeneous of degree k —m


https://cabraljuan.github.io/Website/

Juan Andrés Cabral

Euler’s Theorem for Homogeneous Functions

Theorem (Euler). Let F : R} — R be a differentiable function that is homogeneous of degree k. Then,

3

;Iigf’(zla'“axn) :kF(xla'-'vxn)

Proof. Since F' is homogeneous of degree k, for all A > 0 we have
F(Az1, Aza, ..., xy,) = 2\F F(zy,x9,...,2,)
Define the single-variable function
D(N) = F(Axy, Aze, ..., x,)

By homogeneity, we also have
DN = N F(zy,...,z,)

Since F' is differentiable, ® is differentiable and we can differentiate both expressions with respect to A:

e By the chain rule,

n

oF d OF
/ _ —
D'(N) = ;:1 oz, (Az1,..., A\xy) P\ (A\x;) = ;:1 oz, (A1, Ap) x4
e By differentiating \*F (21, ..., z,),
d'(\) = fd‘i N F(zy,.. ., 20) = kXN F(zy, ... x)

Equating both expressions for ®'(\),
"\ OF
Zazi — Az, .., Axy,) = kAF-1 F(zy,...,2,)
i=1 Oz;

Finally, evaluate at A = 1:

as we wanted to prove.

Example

Consider the polynomial function
F(z,y) = 23 + 22>

1. Verification of homogeneity. Each term is of degree 3:
(Ax)? = \32®, 2 (M) (M\y)? =2\ xy?

Therefore,
F(x, Ay) = x)® +2(\z) A\y)? = X3(2® 4+ 229%) = X3 F(x,y)
and we conclude that F' is homogeneous of degree k = 3.
2. Partial derivatives. 5
Fo(w,y) = 52 +22y%) = 32 + 2y
x

)
Fy(z,y) = a—y(a;?’ +2zy’) =4zy
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3. Verification of Euler’s Theorem. FEuler’s theorem states that, if F' is homogeneous of degree 3,
then
zFo(z,y) + yFy(z,y) =3F(x,y)

Compute the left-hand side:
x(322 +2y%) + y(doy) = 32 + 2z y* + 4o y® = 32° + 62 ¢y°
And the right-hand side:
3F(z,y) = 3(x® 4 22 9y?) = 32% + 629>

Since both sides match,
v Fy+yF,=3F(z,y)

we confirm that Euler’s theorem holds.

Economic interpretation

In economics, homogeneity and Euler’s theorem have direct applications in production theory and demand
analysis:

e Production functions and returns to scale: If the production function Y = F(K, L) (capital K,
labor L) is homogeneous of degree k:

FO\K,\L) = \*F(K, L),
then:

— k =1 implies constant returns to scale: doubling all inputs doubles output.
— k > 1 implies increasing returns to scale: doubling inputs more than doubles output.
— k < 1 implies decreasing returns to scale: doubling inputs less than doubles output.

e Demand homogeneous of degree zero in prices and income: A demand function z;(p1, ..., pn, M)
(prices pj, income M) is homogeneous of degree zero:

xi(>\pla .. 7>‘pna>\M) = xi(pla cee 7pn7M)

This means that if all prices and income change in the same proportion, demanded quantities remain
unchanged: only relative prices and real purchasing power matter.

e Partial elasticities and degree of homogeneity: Let F(K,L) be a differentiable production
function that is homogeneous of degree k. Define the partial elasticities of output with respect to each

factor as
oF K oF L

KT9K F(K,L)) b7 9L F(K,L)

Applying Euler’s theorem:
KFg(K,L)+ LFL(K,L)=kF(K,L),

and dividing both sides by F(K, L), we obtain
ex ter =k

Interpretation: the sum of the partial elasticities of output with respect to capital and
labor equals the degree of homogeneity of the function. Economically, this means that
returns to scale match the sum of the partial elasticities

— If ex + e, = k =1, constant returns to scale.

— If ex + e =k > 1, increasing returns to scale.

— If e + e = k < 1, decreasing returns to scale.


https://cabraljuan.github.io

